Abstract A model for polydisperse particle clouds has been developed in this study. We extended the monodisperse particle cloud model of Lai et al. (Environ Fluid Mech 13(5):435-463, 2013) to the case of polydisperse particles. The particle cloud is first considered to be a thermal or buoyant vortex ring, with the thermal induced velocity field modeled by an expanding spherical Hill's vortex. The buoyancy of the composite thermal is assumed to be the sum of buoyancy contributed by the all particles inside the thermal. Individual particles (of different particle properties) in the cloud are then tracked by the particle tracking equation using the computed induced velocity field. The turbulent dispersion effect is also accounted for by using a random walk model. 
Introduction
There is a wide range of natural and man-made processes that involve particle-cloud dynamics. These include, for example, the dumping of dredged sediment waste into designated water zones, or dumping of sand into water for land reclamation. Pathogenic transmission resulting from coughing and sneezing has also been shown to be highly related to particle cloud dynamics [1] . To limit our scope, we will focus on sediment clouds that form during land reclamation and dredged material disposal [26, 33] .
Sediment clouds have been the subject of a number of past investigations. It was noted by Rahimipour and Wilkinson [25] that when a volume of particles is released into an ambient fluid of different density, it first accelerates (here termed the initial acceleration regime) and then forms a particle cloud. The particle cloud behaves as a buoyant vortex ring or 'thermal' [28] (the thermal regime), which circulates the suspended particles about itself. It also entrains the surrounding ambient fluid, grows in radius, and decelerates. The growth rate is approximately that of a single-phase thermal when all particles are suspended inside the thermal. When the descending velocity of the thermal falls below that of the settling particles, the particles begin to settle out from the thermal. Subsequently, the particles continue to descend at the individual particle settling velocity as a bowl shaped swarm with a noticeably smaller expansion rate [23] -the cloud has entered the dispersive regime. After all the particles have rained out, the thermal continues to propagate as a momentum dominated vortex ring, and then subsequently grows at a much smaller expansion rate than a buoyant thermal.
Other investigations had extended the study to different release conditions that are typically encountered in the field, such as the effects of water content in the released sediments [26] , and the effect of cloud momentum generated by releasing dry sediments at a height above the water surface [33] . Effects of different ambient conditions on the particle clouds were also investigated. For example, the effect of ambient stratification was studied by Noh [22] and Bush et al. [2] ; the influence of ambient waves was studied by Zhao et al. [34] ; and the crossflow effect was studied by Gensheimer et al. [7] . The twophase characteristics of a particle cloud were investigated by Lai et al. [16] .
These studies are useful references to develop a sediment cloud model for environmental impact assessment or operation planning of various open water sediment disposal activities. Based on the findings of these studies, Lai et al. [16] developed and validated a two-phase sediment cloud model by modeling the thermal as an expanding Hill's spherical vortex [29] , and tracking the particles by particle tracking equations (e.g. [5] ). Note that most of these studies assumed that the particle clouds contain only uniform particle sizes (monodisperse releases). The more realistic case of clouds with a distribution of nonuniform particle sizes (polydisperse releases) and settling velocity has been less studied, except for some qualitative or preliminary experiments (e.g. [9, 26] ).
Several issues have to be addressed when considering polydisperse particle clouds. Preliminary experiments of Ruggaber [26] showed that the settling of polydisperse particle clouds is markedly different than that of a monodisperse cloud. Settling patterns of polydisperse particle clouds depend on the particle size distribution. If a particle cloud consists of discrete particle sizes, several bowl shaped swarms will form due to the different settling velocity in each particle size (Fig. 1) -the cloud 'fractionates'. If the cloud has a continuous particle size distribution, the swarms will instead become continuous and an elongated settling particle cloud will result. Important characteristics of the cloud, such as turbidity distribution along the water column and the deposition pattern, will be different from a truly monodisperse cloud. There have been only a few other studies that attempted to address the issues of a polydisperse particle cloud. Gu and Li [8] performed a computational fluid dynamics (CFD) study using a two-equation turbulence closure model and particle tracking equations to predict the bulk characteristics of a particle cloud with non-uniform particle sizes. The predictions of gross characteristics were satisfactory but the phenomenon of fractionation was not seen. Wang et al. [30] carried out a CFD study with large eddy simulation (LES) of a polydisperse cloud to obtain the detailed particle distribution during its descent. A novel higher-order numerical scheme for the two-phase simulations was proposed that enabled a larger grid spacing and thus more efficient computation. Other numerical studies include that of Harada et al. [10] , which successfully predicted the initial acceleration regime of particle releases; and Nadaoka et al. [21] , which attempted to develop a LES model coupled with a grid-averaged Lagrangian particle model for a particle plume. However, the computational resource needed was still substantial in order to yield the detailed information. Besides the high computational requirements, the lack of understanding of polydisperse particle clouds stems also from a lack of experimental data. In this paper, we extend a monodisperse particle cloud model based on Lai et al. [16] to predict the characteristics of a polydisperse particle cloud. A distinct advantage of the new model is the computational efficiency that makes it suitable for engineering applications. We first briefly describe Lai et al.'s [16] model in Sect. 2, then its improvement and extension to a polydisperse release of particles with different size and settling velocity will be described. In Sect. 3, we report the polydisperse particle cloud experiments that we carried out to validate our model. In Sect. 4, to further validate our model, and to better understand the strengths and limitations of our model, we compare our model predictions with Wang et al.'s [30] LES study of a polydisperse particle cloud. The conclusion of the paper will be given in Sect. 5.
2 An Eulerian-Lagrangian particle cloud model
Velocity field induced by releasing a volume of particles
It is useful to first describe a monodisperse particle cloud release. Consider a volume of submerged monodisperse spherical sediment particle with total mass m o and density q p released from rest (with zero initial momentum) into a quiescent ambient water of density q a with the acceleration due to gravity g (Fig. 2) . After the initial acceleration regime, the total buoyancy of the particles B o = m o (1 -q a /q p )g induces a descending buoyant vortex ring (or thermal) structure; the fluid entrained into the buoyant vortex ring or thermal is referred to as 'fluid phase' of the sediment cloud in this study (the solid phase being the sediment particles). It has been shown both experimentally and numerically that an expanding Hill's spherical vortex [11] can be used to approximate the mean flow field of a thermal [17, 29] . When the thermal velocity w f , radius r f and centroid depth z c are known (these can be predicted using an integral model, described in Sect. 2.2), the mean flow field in Cartesian coordinates (x, y, z) u f ! ¼ ðu x ; u y ; u z Þ can be expressed analytically by assuming it to be an expanding Hill's movement of ambient fluid. The entrainment flow pattern is also different from a plume, with most of the entrainment taking place at the back of the thermal. The detailed entrainment flow pattern is given in the numerical study of a thermal by Lai et al. [17] . The change in total momentum M of the thermal is due to the buoyancy contributed by the particles such that
where B is the total buoyancy of the thermal. The change in vertical position is governed by the thermal vertical velocity and can be expressed as
We assume the buoyancy of the thermal to be the total buoyancy contributed by the particles inside the thermal. Over time, the buoyancy of the thermal decreases since the particles (as the source of buoyancy) will gradually rain out from the thermal; hence
where u is the ratio of particle number inside to that of outside the thermal. In the above equations, the thermal radius and velocity can be expressed as
In general, a momentum dominated vortex ring only entrains fluid slowly (a & 0.07, [16] ), whereas a thermal entrains approximately all the fluid it passes through; the entrainment coefficient a has been shown to be a constant (&0.25) for a single phase thermal in which buoyancy is conserved (e.g. [27]). In a particle cloud, if we defined the particle cloud number N c = w s /w f , where w s is the particle settling velocity, we can expect when N c « 1, the slowly settling particles will all be suspended inside the thermal and hence the cloud will behave like a single-phase thermal; when N c & 1 it is expected that the particles will begin to rain out, and when all particles have rained out, the vortex-ring will become momentum dominated with a much smaller growth rate. The vortex-ring will subsequently lose its momentum by the ambient drag [19] . During the process of particle rain out, the buoyancy distribution will also change, which would affect the entrainment rate (from approximately 0.25 of a thermal to 0.07 of a momentum vortex ring). The relationship between a and N c will need to be determined experimentally, and this will be reported in Sect. 2.5.2. Equations (5)- (7) are then solved by the Runge-Kutta 4th order scheme to obtain the gross characteristics of the thermal.
Particle tracking equation for predicting transport of particles
With the complete flow field induced by a thermal computed by using the integral model and an expanding spherical Hill's vortex, the motion of particles can be predicted by using the particle tracking equation with the computed flow field, which accounts for different forces acting the particle to compute the acceleration of the particle. The particle tracking equation for each particle can be expressed as [4] :
where V p is the volume of a particle, u p ! ¼ ðu p ; v p ; w p Þ is the particle velocity. The five force terms on the right hand side represent the drag, gravitational, added mass, inertial, and history forces respectively. Chan [3] showed by a sensitivity study that the history force F H ! can generally be ignored in a buoyant particle-laden flow, and so it is set to zero in the present model. The other force terms can be expressed as [4] :
If we expand Eq. (11), and divide each side of the equation by the mass of the particle q p V p , we have
The change in particle position over time is given by
where x p ! ¼ ðx p ; y p ; z p Þ is the position vector of the particle; the added mass coefficient is taken as C M = 0.5 for a solid sphere; the drag coefficient is computed as 
is the particle Reynolds number; subscripts p and f represents the 'particle' and 'fluid' properties at the location of the particle respectively; d is the particle diameter; and m is the kinematic viscosity of water. The total acceleration
Du f
Dt can be obtained analytically by using a MATLAB package. An analytical expression for the total acceleration in cylindrical coordinates has been given in Lai et al. [16] . Solving Eqs. (16)- (17) gives the position of the computational particles at every time step. The integral model, with the expanding Hill's vortex (with a variable a as a function of N c when particles are inside the vortex; and a & 0.07 when all particle rained out), and the particle tracking equations are used in sequence to obtain the characteristics of the cloud, including the frontal position z s and the sediment cloud maximum radius r s (Fig. 2 ).
Turbulent dispersion of particles inside the thermal
It has been observed that the particles inside the thermal are strongly mixed by the turbulence within the thermal. To account for the effects of turbulent mixing inside the thermal, we have incorporated a turbulent dispersion term in our particle tracking model using a random walk model [13] :
where n is a normally distributed random variable with zero mean and unit variance, and D is the dispersion coefficient, which is a constant for a particular case. In Eq. (18), u ! p Dt is the particle 'advection term' resulting from the mean flow field of the thermal, and n ffiffiffiffiffiffiffiffiffiffiffi 2DDt p is the 'diffusion term' as a result of the turbulence within the thermal [32] . To estimate D, first, the turbulent viscosity can be estimated by the mixing length model m t $ u 0 l m , where u 0 is the turbulent velocity scale, and l m is the mixing length. In the thermal regime, the velocity (and turbulence intensity) and mixing length distribution are selfsimilar and can be normalized by the characteristic scales w f and r f of the thermal, i.e.
where k is the turbulent kinetic energy and c 1 and c 2 are constants to be determined. Using the RANS simulation results of Lai et al. [17] of a turbulent thermal (Fig. 3) , we found that the average c 1 within the thermal is 0.35. Also, note that c 2 ¼
e (where C l ¼ 0:09 and e is the turbulence dissipation rate), the average value of c 2 inside the thermal can be determined to be 0.055. Fig . 3 The CFD simulation results of a thermal [17] : a contours of the normalized turbulence intensity
Details on the initial conditions and model implementation

Virtual origin and initial acceleration regime
The virtual origin is the point at which the particle cloud can be imagined to have originated if it is treated as an ideal thermal from the start (i.e. the initial acceleration regime is also modeled with the thermal behavior). It is in general not a fixed point and will vary according to different release conditions (e.g. [12, 33] ). Its variation is also due to differences in the length of the initial acceleration regime.
For our experiments of monodisperse clouds (see later section for description of the experimental setup), the plot of z s against r s is shown in Fig. 4 and the results are normalized by l td , where
1=2 =w s is the thermal-to-dispersive regime length scale (g 0 = gDq/q a is the reduced gravity), and it is the approximate distance required for the cloud to reach the dispersive regime [18] . It can be seen that for 0.1 \ l td \ 1 the cloud grows almost linearly, as would be expected for a single phase thermal. By extrapolating the linear fit to r s = 0, the virtual origin can be obtained as z vo & 0.04 l td -this is practically zero in the model implementation as our region of interest is much larger. Note that the initial acceleration regime in general needs to be considered when the region of interest is close to the source.
'Entrainment coefficient' of a particle cloud
The spreading rate or entrainment coefficient a of the clouds can be related to z s and r s by a = dr s /dz s (see Sect. 2.2 and note that in the thermal phase r s & r f , z s & z f ), where z s is the cloud frontal depth and r s is the corresponding maximum cloud half-width. For monodisperse cloud with buoyancy reducing continuously due to the particle rain out, the entrainment coefficient was found to be a function of the cloud number N c [25] , defined as: As discussed in Sect. 2.2, particles with large settling velocity typically has a large N c closer to one, comparing to particles with small settling velocity. A plot of a against N c for single particle type clouds is shown in Fig. 5 (with experimental data of this study and [16] ). The resulting best-fit curve is
When all of the particles have rained out from the thermal (defined to be when u \ 0.01), the spreading rate was found experimentally to be 0.07 Lai et al. [16] , which is much smaller than that of a thermal since the vortex has become momentum dominated. Hence we have 
Lai et al.'s [16] data mainly fell in the dispersive regime, and in this study more experimental data were made available in the thermal regime. Thus combining the two sets of data provides a better representation of the entrainment coefficient comparing to Lai et al. [16] because it covers both the thermal and dispersive regimes.
Initial particle distribution
The particles were initially distributed uniformly in a sphere of radius r o ¼ 3Vo 4p
À Á 1=3 and z c = 0. In our model we have adopted the 'discrete parcel method' of Crowe et al. [4] , where all the particles in the parcel are assumed to have the same properties so the group is represented by one 'computational particle'. This way the number of particles used can be significantly reduced. We typically use 5000 computational particles to perform the particle tracking; the time step chosen Dt = 0.001 s; further increasing the number of particles or reducing the time step does not change the results noticeably. 
Extension of model to account for polydisperse releases
The model considered in Sects. 2.1, 2.2, 2.3, 2.4 and 2.5 is for predicting the cloud characteristics of a monodisperse release; several modifications needed to be made for a polydisperse release (Fig. 6 ). These include:
(1) The expression of buoyancy inside the thermal
The expression for the buoyancy contributed by the particles needs to be modified since the buoyancy contribution from each type of particle may be different (each particle type in general has different density difference and volume). The generalized expression for the buoyancy remaining inside the thermal is 
where N pin is the number of particle inside the thermal. Here, Dq i and V i are the density difference and volume respectively of each particle inside the thermal. (2) The cloud number For polydisperse particle cloud, the 'average' cloud number N c ¼ w s =w f needs to be defined such that the polydispersity of the particles inside the thermal can be characterized. In this paper, N c is defined by using the buoyancy weighted averaged settling velocity w s , which can be expressed as:
where w si is settling velocity of individual particle. This will give the expected behaviour of a particle cloud being dominated by the 'large particles' when the mass fraction of 'fine particles' is small. The use of a buoyancy weighted average particle Fig. 7 Experimental setup of this study settling velocity can also be seen in oil and bubble plumes, where bubbles with much higher buoyancy than oil typically dominate the flow. This definition of N c can also be shown to be the governing factor in determining whether a thermal-like or clump-like (no vortex ring formation) particle cloud will form in a polydisperse release ( [6] , under review). Ultimately, the use of N c in our model will be justified using experimental data, as well as numerical simulations.
3 Experiments of polydisperse particle clouds 3.1 Experimental setup Figure 7 shows the experimental setup of this study. We carried out polydisperse particle cloud experiments in a 2.4 m long 9 1.2 m wide 9 2.0 m deep glass tank. Different types of particles were firstly mixed in a submerged circular cylinder, open at the top, with an internal diameter of 2.0 cm. The cylinder had a bottom covered by a trap door which could be swung open when the experiments began. The measured release time of the particle cloud was only 0.4 s, which was considered to be short enough that the release could be considered instantaneous. Particles were released from rest under water in all experiments. Four distinct spherical particle types (Potters Industries BALLOTINI Ò Solid Glass Microspheres, metal finishing glass beads) of the same density (q p = 2500 kg/m 3 ) but different median diameters (and settling velocity) were used to form the composite release. Each particle type had a range of sizes in a continuous distribution and thus was not truly monodisperse. Because of the relatively large separation in size between the nominal size classes, compared to the range of sizes within a nominal size class (Table 1) , fractionation was expected to occur for the composite releases. The total mass of particles was 20.0 g in each experiment; different types of particles with equal mass were well mixed and submerged into water before the experiment began. A total of 9 experimental series were carried out: 1 series with a mix of 4 different particle types, 4 series with 2 particle types, and 4 series of single particle type (approximating the monodisperse case). Each Table 1 -the naming follows that used by the glass bead manufacturer.
To illuminate the particle clouds, a thin and continuous laser sheet was generated by the Dantec DualPower 100-100 laser system with a laser light guide arm and a diverging cylinder. The laser sheet is aligned in a way such that it cut through the centerline plane of the cloud, and the laser light scattered by the particles was recorded using a video camera at a frequency of 30 Hz. The recorded video was converted to an image series and postprocessed for analyses.
The post-processed images were analyzed and the key cloud characteristics, such as transient depth and cloud width, were obtained manually at the visual boundary of the cloud. As can be seen in Fig. 8 , which includes typical images obtained from the experiment, the visual boundary was quite sharp, and the results were not sensitive to a reasonable change in pixel intensity threshold of the boundary. The variation resulting from individual experiments was computed based on the average results of 10 identical runs using a fixed coordinate system.
Observation
The ensemble averaged observation (10 experiments superimposed, with resulting pixel intensities averaged) of the experiment with 4 different particle types is shown in Fig. 8 . At the beginning, the particle cloud descended as a single main body with a thermal or buoyant vortex ring structure; clouds of different particle types were not distinguishable (Fig. 8a) . Fractionation began when the main body decelerated to approximately the settling velocity of the largest particles in the mix. In Fig. 8b (Table 1) out from the decelerating main body to form their own bowl shaped swarm, and each cloud continued to descend at approximately its own constant settling velocity (see Table 1 ); particle cloud D and AE stayed inside the thermal, but cloud D started to show a tendency to separate by concentrating at the bottom part of the thermal. In Fig. 8c , the particle cloud D finally separated from the thermal as a bowl-shaped swarm; cloud AE remained as a circulating cloud until the end of experiment. Distinct fractionation could also be observed with all other particle cloud releases with more than one particle type. For a single particle type, fractionation was not observed since the size distribution was continuous. The cloud elongation was possibly due to the particle size distribution (and the different settling velocity of each particle size).
Comparison of model predictions and observation
Model visualization
An example of the model predicted polydisperse cloud motion is given in Fig. 9 , for the same case as in Fig. 8 with four different particle types. The particle range of each type is given in Table 1 . The exact size distribution of each type of particles used in the experiments is not known, and the simulations were carried out using the particle size range given in the table, assuming uniform distribution (divided into five bins for each particle type) by mass. Different colours represent different particle types, which helps in revealing the different particle clouds (as well as the fluid phase/thermal). Initially clouds of all particle types stayed together as a single cloud as in Fig. 9a ; then the cloud A with largest settling velocity rained out, followed by cloud B as in Fig. 9b ; and finally cloud D began to separate from the thermal (or the vortex-ring-like structure). As with the experiments, cloud AE with smallest settling velocity stayed within the thermal even close to the end of the experiments, as seen in Fig. 9c . While the model is able to predict the observed 'fractionation' of particle clouds, the predicted clouds are generally descending slower than the observed clouds. For example in Fig. 9c , the cloud with particle type B was observed to have reached 140-160 cm, while in our prediction it has only reached 120-140 cm, about (a) (b) (c) 15 % different. One reason that leads to the discrepancy is that the effects of particle interactions (such as the flow field induced by neighboring particles, and the particle group effects which essentially affect the bulk density of the particle clouds) are not accounted for in our model. Another reason is that the predictions were made not using the exact particle size distribution. The observation suggested that the particle size could be concentrated in the higher end of the size range with higher settling velocity (indicated in Table 1 ). The shape of the thermal can also be compared. It can be seen from Fig. 8 (assuming the smallest settling particle AE is representative of the thermal shape) that the shape of the thermal is not spherical, but an oblate ellipsoid with the semi-major axis in the x-and ydirection. This was also observed in Lai et al. [16] for a monodisperse particle cloud release. This indicates that the vortex ring generated will have some difference than a Hill's spherical vortex.
Key cloud characteristics
The frontal depth z s and half-width r s of a particle cloud are the quantities that can be determined directly from the images that we obtained experimentally, and will be used to validate our model (quantities such as cloud centroid depth will require further assumptions). Note that there were two different half-widths that we have defined. r f is the half- Fig. 10 Transient depth and half-width of monodisperse particle clouds. Lines prediction, symbols observation. Solid line is z s , dashed line is r s width of the fluid phase, or the thermal, which was obtained by solving the thermal integral equations; and r s is the half-width of each particle cloud (hence there will be 4 different r s for a mix of 4 particle type releases), and was obtained as half of the furthest distance between two particles in a particle group obtained by the particle tracking equations. The repeatability of the experiments can also be assessed by comparing the average deviation of key characteristics from that of the ensemble average, which will be given in each case. Figure 10 shows the model predictions of the transient cloud depth and radius for single particle type releases. The model predictions agree reasonably well with the experimental results for the averaged frontal depth, with an average difference of about 6 % for z s . The prediction for cloud width is comparatively poorer, with an average difference of about 16 % when compared with the average. However, the predictions are still falling well within the range of experimental variation.
The comparisons between predicted and observed characteristics of bi-disperse clouds are shown in Fig. 11 . The average difference between predictions and observations for z s are generally within 15 %. The prediction for the particle type AE in the A-AE mix (the mix with largest difference in particle size) can be seen to be particularly poor, with a difference of close to 20 % (lower right of Fig. 11 ). As can be seen in the figure, the predicted slope for the cloud AE is close to that of the observation, and it is suspected that the error is due to the size A particles dragging down the cloud before separation, causing the AE particles to be 'shifted' slightly (and possibly changing the length of initial acceleration regime). This also shows that the particle cloud can behave slightly differently depending on the particle mix. The predictions of r s has a difference of 10-15 % in general.
The prediction of a polydisperse cloud with four particle types is shown in Fig. 12 . The relative difference between prediction and observation is about 10 % for both z s and r s . Assuming a constant a = 0.25 for the cloud in the thermal regime (0.07 in the dispersive regime) will give a difference of both the particle cloud transient depth and radius within 5 % comparing to a variable a currently adopted, showing that the results are not greatly sensitive to a reasonable choice of a. In view of the various assumptions and simplifications made in the model, these predictions are considered reasonable.
In all of the figures, it can be seen that in the initial stage, when the sediment clouds were well mixed, we could not distinguish the cloud front or radius of each individual particle cloud, and so they were taken as the same as that of the mixed cloud. Fractionation of clouds was evident in all of the plots, when the data of different particle types began to separate. The model is generally able to predict the transient depth and half-width reasonably well.
Comparison of model predictions with LES simulations
To further validate our model, we have compared our model's predictions with the LES study of polydisperse particle clouds of Wang et al. [30] . The LES results also provided additional information of the fluid phase of a polydisperse particle cloud, which was not measured in our experiments. The LES study was carried out using the Euler-Lagrangian four-way coupling method (accounting for both particle-fluid and particle-particle interactions), using the software CFDEM, which coupled the open source CFD toolbox openFOAM with the discrete element method package LIGGGHTS [14] .
Simulation of five cases, each with total mass of 2.0 g, particle density 2500 kg/m 3 , median particle diameter by number 0.51 mm, with different particle size range and distribution (uniform and Gaussian), were used to validate our model. The particle distribution by number is given in Fig. 13 . A summary of the particle properties and distribution of each case is given in Table 2 . Exactly the same particle number and properties were used Lines prediction, symbols observation. Colors represent different particle size, and are same as Fig. 8 . Solid line is z s , dashed line is r s in our model predictions. The total mass of the particles in our numerical simulations was less than that used in the present experiments, so that computational time can be substantially reduced. The particle cloud dynamics of a particle cloud with small mass can be scaled to a cloud with much larger mass using densimetric Froude scaling [31] . As an example to illustrate the reduction in computational time, there will be approximately 57,000 particles in 2.0 g of particles with diameter 0.3 mm, and 570,000 of the same particles if the total mass is 20.0 g. For a N-particle simulation, it generally requires computational time of the order of O[N log(N)] using a tree code algorithm (e.g. [24] ). Thus an estimated reduction in computational time is 12 times if 2.0 g of particles is used instead of 20.0 g.
The LES simulation results of transient frontal depth of both the solid (z s ) and fluid phase (z f ) are shown in Fig. 14 (w 50 is the settling velocity of the median diameter particle by mass, w max is the largest settling velocity in the particle mix). The model predictions, which are the average of all five cases, are plotted black lines in the Fig. 14 . The solid phase transient frontal depth can be seen to be very well predicted, but that of the fluid phase is generally under-predicted by 10-20 % in the dispersive regime, which may suggest that the increase in momentum of the fluid phase due to the particle buoyancy is greater in the LES simulation (Eq. 6). This may for example be due to the resulting vortex not being exactly a Hill's vortex, which delayed the complete raining out of particles from the thermal. The LES results for the transient radius growth for both the solid and fluid phase are shown in Fig. 15 . The radius of both phases have been normalized by the length scale
Both were reasonably well predicted with the entrainment coefficient defined by Eq. (21) .
Finally, we have also compared the particle cloud settling patterns predicted by our model with the LES simulation. The comparisons for all 5 cases are shown in Fig. 16 . Both our model and LES simulations predicted that the wider is the particle size range, the larger the elongation, which is an expected result due to the larger difference of particle settling velocity between the largest and smallest particle (of the same density). However, the (Figs. 8, 9 ). The interaction between particles, such as the vertical velocity induced by surrounding particles, and the bulk density resulted as a descending particle group, were not accounted for in our model. This would partly explain the discrepancy between our model and experiments or LES cloud settling pattern (in the dispersive regime). It can also be seen that the model generally predicts a cloud front shape that is more 'bowl-like' than the flat shaped simulated by LES. This is due to the fact that the actual vortex ring generated by particles simulated by LES is not exactly like a Hill's vortex, but another vortex causing less 'roll-up' of particles before raining out from the thermal.
In terms of computational time, our model required 500 s to complete a simulation using a single core; LES required 5 h for the same case using 32 cores each with comparable CPU speed as we used in our model. At the sacrifice of some of the flow details, our model is typically of the order of 1000 times faster than LES with similar computer configuration. This is particular attractive for engineering applications where an efficient and reasonably accurate predictions are required.
Conclusions
A model for polydisperse particle clouds has been developed by extending the modeling framework of Lai et al. [16] for monodisperse particle clouds. The particle mix is initially modeled as a thermal or buoyant vortex ring, with the velocity field computed by approximating the thermal or buoyant vortex ring as an expanding Hill's spherical vortex. The rate of growth of the thermal radius in the thermal phase is assumed to be a function of cloud number, and was obtained experimentally. The growth rate of the vortex ring in the subsequent dispersive regime was obtained experimentally by Lai et al. [16] , and was found to be much smaller than that in the thermal regime. The particle tracking equation is then used to track the motion of particles with the different forces acting on different particle types. The variation of buoyancy with time is also accounted for by summing the contribution of buoyancy of all particles inside the thermal. Experiments were carried out to validate the model. Particle mixes with 2-4 distinct particle types were released underwater, and key characteristics such as transient depth and radius of each individual particle cloud were measured. In all cases, 'fractionation' (clouds with different particle sizes raining out) happened in an order from big particles to small ones. The model can capture this phenomenon and reproduce the key characteristics within the range of experimental uncertainty. The experiments were carried out using a fixed mass (and buoyancy) of particles (20.0 g) and only four types of particles were tested. The results, however, can be extended to releases of other mass or buoyancy by considering dynamic similarity scaling [31] .
We further validated our model by comparing the model predictions with the LES study of polydisperse particle clouds by Wang et al. [30] . The predicted key cloud characteristics are generally in reasonable agreement with the LES results, except for some differences in the details of the flows. For example, our model does not account for the interaction between particles, and the particles induced vortex would not be a perfect Hill's vortex. These caused some results predicted by our model, for example the cloud settling pattern, to be different from the LES predictions. Nonetheless, noting that our model is on the order of 1000 times faster than LES in completing a simulation, our model will still be useful in many engineering applications, where efficient and reasonably accurate predictions are often needed.
While the formation of a particle cloud as a thermal, close to the release source, has been considered in details by many investigators, the far-field fate and transport of the particle cloud is also important, e.g., for evaluating the environmental impact due to the turbidity caused by fine particles released to coastal waters. Such evaluations require the coupling between near-field and far-field hydrodynamic models. The model presented here provides a simple, yet powerful tool for the analysis of the near-field particle cloud dynamics, which can link to a far-field model. An extension of the model to account for the effect of ambient stratification is also possible with the proposed cloud buoyancy variation formula. The coupling of near and far field sediment cloud models, and the effect of ambient stratification, will be the focus of our future studies.
